Abstract. In general relativity, there have been a number of successful constructions for asymptotically flat metrics with a certain background foliation. In particular, C. -Y. Lin [8] used a foliation by the Ricci flow on 2-spheres to establish an asymptotically flat extension and C. Sormani and Lin [9] proved useful results with this extension. In this paper, we construct asymptotically hyperbolic 3-metrics with the Ricci flow foliation inspired by Lin's work. We also study the rigid case when the Hawking mass of the inner surface of the manifold agrees with its total mass as in [9] .
Introduction
In general relativity, the vacuum Einstein field equations of a spacetime (M, γ) with cosmological constant Λ can be written as Ric γ = Λγ.
When Λ < 0 the lowest energy solution is called the anti-de Sitter(AdS) spacetime. The significance of AdS spacetimes has increased especially from the AdS/CFT correspondence. In this context, asymptotically hyperbolic Riemannian 3-manifolds arise naturally as spacelike hypersurfaces of AdS spacetimes. Moreover, these manifolds can be considered spacelike hypersurfaces in asymptotically flat spacetimes which approach null infinity.
The construction of asymptotically flat solutions to the Einstein constraint equations, which provide Cauchy data for Einstein equation with Λ = 0, has been studied extensively. From physical motivation, the dominant energy condition requires the scalar curvature of such metrics to be nonnegative. Due to this condition, R. Bartnik [1] introduced a construction of 3-metrics with prescribed scalar curvature by considering 3-manifolds foliated by round spheres. There have been other interesting results inspired by this foliation construction. See [8, 13, 14] . In particular, C. -Y. Lin [8] used Hamilton's modified Ricci flow on surfaces as foliation to construct an asymptotically flat end. Let (Σ, g) be a surface diffeomorphic to S 2 whose area is 4π. Recall that Hamilton's modified Ricci flow in [5] is defined as the family (Σ, g(t)) satisfying
where R = R(t) is the scalar curvature of g(t) on Σ and
where |Σ t | is the area of Σ with respect to g(t) and f = f (t, x) is the Ricci potential satisfying the equation ∆f = R − r. Note that this flow converges to a metric of constant curvature exponentially fast in any C k -norm (see [3, Appendix B] ). Consider a metric g on
The unknown function u on N with prescribed scalar curvature R satisfies a quasilinear second order parabolic equation derived from the Gauss equation for each slice {t} × Σ. Therefore, Lin obtained asymptotically flat 3-metrics by solving this equation with some conditions for R. Moreover, C. Sormani and Lin [9] studied the class of asymptotically flat three-dimensional Riemannian manifolds foliated by Hamilton's modified Ricci flow, and they used these manifolds to estimate the Bartnik mass. In addition, they showed rigidity and monotonicity of the Hawking mass of level sets given in the foliation (see [9, Theorem 5] ).
In this paper, we construct an asymptotically hyperbolic 3-metric using Ricci flow foliation method and investigate properties of the metric. First we recall the most general form of definition of asymptotically hyperbolic manifolds in [4] . Let H n denote the standard hyperbolic space. The metric g 0 on H n can be written as
where r is the g 0 -distance to a fixed point o and h 0 is the standard metric on
. . , n − 1, where {f α } 1≤α≤n−1 is a local orthonormal frame of (S n−1 , h 0 ) so that {ε i } 0≤i≤n−1 forms a local orthonormal frame on H n . Let S r denote the geodesic sphere in H n of radius r centered at o.
) is called asymptotically hyperbolic if, outside a compact set, M is diffeomorphic to the exterior of some geodesic sphere S r0 in H n such that the metric components g ij = g(ε i , ε j ), 0 ≤ i, j ≤ n − 1, satisfy
for some τ > n 2 . There are several other versions of the definition with different contexts, see [2] , [15] , [11] .
In section 2, we derive the quasilinear parabolic equation for a function u from prescribed scalar curvature R on N , and prove the existence of a solution. To estimate C 0 bounds, we introduce the substitution w = u −2 which provides an explicit form of the bounds. (c.f. Remark 5) In section 3, we construct an asymptotically hyperbolic 3-metric by the result in section 2. Theorem 1. Let (Σ, g) be a 2-manifold which is diffeomorphic to S 2 with area 4π and let N be the product manifold [1, ∞) × Σ. Then for any H ∈ C ∞ (Σ) with H > 0, there exists an asymptotically hyperbolic 3-metric on N of the form
with the scalar curvature R ≡ −6 where u ∈ C ∞ (N ) is positive everywhere, and g(t) is the solution to Hamilton's modified Ricci flow (1.1). Here H is the mean curvature in direction ∂ t on {1} × Σ.
As in [8] , the crucial step here is to verify when the solution of the equation in section 2 exists. In fact, we can construct an asymptotically hyperbolic 3-metric with a more general condition on the scalar curvature as
The dominant energy condition requires that R ≥ −6, and the decay is needed to control the behavior of u near infinity. See Theorem 7.
In section 4, we prove the corresponding rigidity and monotonicity result of the hyperbolic analogue of the Hawking mass as in [9, Theorem 5] . The mass of asymptotically hyperbolic Riemannian manifolds is defined as a linear functional by P. T. Chruściel and M. Herzlich [4] .
Definition 2. The mass functional M(g) is a linear functional on the kernel of (DS) * g0 , where (DS) * g0 is the formal adjoint of the linearization of the scalar curvature at g 0 . Let θ = (θ 1 , . . . , θ n ) ∈ S n−1 ⊂ R n and the functions
forms a basis of the kernel of (DS) * g0 . Using this basis, M(g) is defined as
where h = g − g 0 , ν 0 is the g 0 -unit outward normal to S r and dσ 0 is the volume element on S r of the metric induced from g 0 . The notation div 0 , tr 0 , ∇ 0 denotes the divergence, trace, the covariant derivative with respect to g 0 , respectively.
The Hawking mass on asymptotically hyperbolic manifolds is introduced by X. Wang [15] . (see also [11] ).
) be a 3-dimensional asymptotically hyperbolic manifold, and let Σ ⊂ M 3 be a closed 2-surface. Then the Hawking massm H (Σ) of Σ is defined asm
where dσ is the induced volume form with respect to g.
To study the rigid case, we use the following result about the Hawking mass and the mass functional
proved by P. Miao, L. -F. Tam, and N. Xie [10] .
Theorem 2. Let (Σ, g 1 ) be a surface diffeomorphic to S 2 with positive mean curvature (not necessarily constant) and let N = [1, ∞) × Σ be an asymptotically hyperbolic extension obtained in Theorem 7. Thenm H (Σ t ) is nondecreasing, where
then R = −6 everywhere, Σ is isometric to the standard sphere, and N is rotationally symmetric. Ifm H (Σ) = 0 then N is isometric to a rotationally symmetric region in a hyperbolic space. Ifm H (Σ) = m > 0 then N is isometric to a rotationally symmetric region in anti-de Sitter Schwarzschild space of mass m.
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Parabolic equation with Ricci flow foliation
In this section, we will derive the equation for prescribed scalar curvature R on N from (1.2) and obtain a priori estimates for a solution u. The argument is slightly modified from [1] to be suitable for the derived equation.
From the Gauss equation for each slice {t} × Σ, we have
where R t is the scalar curvature on {t} × Σ with the induced metric t 2 g(t), h is the second fundamental form, and H is the mean curvature in direction ∂ t . By direct computation, we have
. Then, we obtain
. Thus we get the following quasilinear second order parabolic equation
4 .
Here ∆ g(t) and R g(t) are the Laplace operator and the scalar curvature on ({t} × Σ, g(t)) respectively. For any interval I ⊂ R + , let A I = I × Σ. For sake of convenience, we will use the following notations: ∆ = ∆ g(t) , ∇ = ∇ g(t) , for any f ∈ C 0 (A I ), f * , f * : I → R are defined by
Now from the parabolicity of (2.1), the local existence can be obtained by standard Schauder theory [7, Theorem 8.2] .
where ϕ ∈ C 2,α (Σ) satisfies
3)
for some constant δ 0 > 0, the parabolic equation (2.1) with the initial condition (2.2) has a unique solution u ∈ C 2+α,1+α/2 (A [t0,t0+T ] ) for some T > 0. Here T depends on δ 0 , t 0 , ||R|| α,α/2;AI , ||M || α,α/2;AI , ||R|| α,α/2;AI and ||ϕ|| 2,α .
To state the existence of global solution, we need the following a priori C 0 estimates for the solution u which control the parabolicity and prevent the finitetime blow up.
is a positive solution to (2.2). If we further assume that R is defined on
are defined and finite for all t ∈ [t 0 , ∞), then for t 0 ≤ t ≤ t 1 , we have
Proof. Let w = u −2 then we have
Substituting the Laplace term in (2.1), we obtain
(2.8)
By applying the maximum principle, we have
at the maximum of u(t, x). We solve the following ODE
Using the integrating factor method, we let
Then we have
Integrating to solve tϕ(t)w * (t) and noting u −2 (t, x) = w(t, x) ≥ w * (t), we derive
Similarly, applying the maximum principle to w * , we get the upper bound of u −2 .
Remark 5. In proof of Proposition 4, the idea of substitution as w = u −2 first appeared in Bartnik's work [1, Proposition 3.3] . The advantage of this is that we can simplify the coefficient of the term R g(t) −t 2 R as in (2.8) so that we can find the explicit solution of the equation (2.9) when applying the maximum principle. This will be used not only to prove the global existence of solution but also to show that
is asymptotically hyperbolic with a certain initial condition on R.
With Propositions 3 and 4, we can prove the global existence of solution as the following.
Theorem 6. Assume that R ∈ C α,α/2 (N ) and the constant K is defined by
Then for every ϕ ∈ C 2,α (Σ) such that
there is a unique positive solution u ∈ C 2+α,1+α/2 (N ) with the initial condition
Proof. By considering (2.6) and (2.10) simultaneously, we have
for all t ≥ 1. Hence it follows from Proposition 4 that u doesn't blow up for all t ≥ 1. Combining this and Proposition 3 which states the local existence, we get the desired result.
Asymptotically hyperbolic 3-metric with Ricci flow foliation
Using Theorem 6, we can construct a metric with prescribed scalar curvature R along the Ricci flow foliation. By assuming the approximate decay for R, we prove that the metric is asymptotically hyperbolic.
Theorem 7. Let (Σ, g) be a 2-manifold which is diffeomorphic to S 2 with area 4π. Let N be the product manifold
Then for any H ∈ C ∞ (Σ) with the condition
where K is defined as (2.10), there exists an asymptotically hyperbolic 3-metric on N of the form
Here g(t) is the solution to Hamilton's modified Ricci flow (1.1), such that R and H are the scalar curvature on (N, g) and the mean curvature in direction ∂ t on {1} × Σ, respectively.
To prove the theorem we need the following lemma which investigates the decay of u by the assumption (3.1). The method is similar to the proof of Y. Shi and L. -F. Tam in [13] .
Lemma 8. Let u be the solution of (2.1) with the initial condition u(1, x) = ϕ(x), where ϕ(x) satisfies (2.11). Then for sufficiently large t, we have the estimate
where β is a multi-index.
Proof of Lemma 8. First we need to verify the C 0 bounds. Since |R g(s) − 2| is bounded we have
From the scalar curvature condition (3.1), we obtain
dτ ds
dτ ≤ 1, we have
Thus we get
To get the lower bound estimate, similarly we have
Then, from [1, Lemma 4.1], we have
Then we get
We used the fact that e η − 1 ≥ −2|η| for |η| ≤ 1 to get the third inequality. given R ≥ −6. Thus the condition M(g)(V (0) ) =m H (Σ) implies that 
